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Abstract—We propose a unified mathematical model for multilayer-multiframe compressive light field displays that supports both

attenuation-based and polarization-based architectures. We show that the light field decomposition of such a display can be cast as

a bound constrained nonlinear matrix optimization problem. Efficient light field decomposition algorithms are developed using the

limited-memory BFGS (L-BFGS) method for automultiscopic displays with high resolution and high image fidelity. In addition, this

framework is the first to support multilayer polarization-based compressive light field displays with time multiplexing. This new

architecture significantly reduces artifacts compared with attenuation-based multilayer-multiframe displays; thus, it can allow the

requirements regarding the number of layers or the refresh rate to be relaxed. We verify the proposed methods by constructing two

3-layer prototypes using high-speed LCDs, one based on the attenuation architecture and one based on the polarization architecture.

Moreover, an efficient CUDA-based program is implemented. Our displays can produce images with higher spatial resolution with

thinner form factors compared with traditional automultiscopic displays in both simulations and experiments.

Index Terms—Compressive light field display, multilayer-multiframe LCD display, optimization methods, polarization-based display

Ç

1 INTRODUCTION

RECENTLY, light field displays have attracted consider-
able attention because of their ability to produce a wide

range of correct views and correct depth cues, which is an
attractive capability in the entertainment, exhibition and
medicine [1]. Conventional automultiscopic displays can be
separated into two main categories: parallax barrier dis-
plays [2] and integral image displays [3], [4]. These displays
provide both binocular parallax and motion parallax but
usually have low spatial resolution and small field of view.
Researchers have tried various approaches to address these
limitations, such as adopting multiple projectors [5], [6] or
rotating or vibrating optical elements [7] to generate high-
resolution images. However, these methods usually signifi-
cantly increase the cost of the hardware and lead to diffi-
culty in maintaining a thin form factor.

Displays using multilayer liquid crystal displays (LCDs)
or high-speed LCDs have become popular in the light field
display community at present. Rather than accurately recover-
ing every light raydirectly, these displays compress enormous
amounts of light field information into stacks of discrete 2D
images or sequences of images using modern mathematical

methods; this approach is called the compressive light field
display method. Three primary technologies are used here:
attenuation layers, such asmodifiedLCDs [8] or printed trans-
parencies [9]; polarization layers using modified LCDs [10],
[11]; and temporal modulators, such as high-speed LCDs [12]
or LCoS displays [13]. These systems can display objects
beyond their enclosures with high resolution and wide field
of view, at the cost of increased computation. Increasing the
number of layers or the refresh rate of the displays can
enhance the image fidelity and field of view, but these two
methods both have limits. Increase the layer number will
also increase both hardware and computation complexity,
decrease optical efficiency exponentially. Furthermore, for
most off-the-shelf LCDs, the refresh rate has an upper limit of
240Hz. Considering the 60Hz humanflicker fusion threshold,
at most four-frame time multiplexing is allowed, which is not
enough for high quality light field display.

Inspired by the Tensor Display [12] and Polarization Fields
Display [11], we introduce a unified mathematical model for
multilayer-multiframe light field displays that supports both
attenuation-based and polarization-based architectures, as
shown in Fig. 1.We also propose easily implemented, efficient
algorithms for light field decomposition. Our polarization-
based multilayer-multiframe display model yields a signifi-
cantly higher Peak Signal-to-Noise Ratio (PSNR) compared
with an attenuation-based display model without an increase
in the number of layers or the refresh rate.

1.1 Our Contributions

� We propose a unified framework for describing mul-
tilayer-multiframe light field displays based on either
an attenuation or polarization architecture and cast
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the corresponding problem as a bound constrained
optimization problem. We show that the different
architectures are represented by different nonlinear
forms in the optimization problem.

� We develop efficient light field decomposition algo-
rithms using the L-BFGSmethod and introduce differ-
ent methods for handling the bound constraints and
initialization in our optimization problem. Thesemeth-
ods effectively improve the algorithmperformance.

� We construct three-layer attenuation- and polariza-
tion-based displays using modified high-speed LCDs
and implement an efficient CUDA-based solver.

� Experiments demonstrate that the polarization-
based multilayer-multiframe architecture offers sig-
nificantly increased image fidelity compared with
the attenuation-based architecture.

1.2 Overview of Benefits and Limitations

Our unified framework provides new insights into attenua-
tion- and polarization-based multilayer-multiframe displays
and enables the derivation of efficient algorithms for light field
decomposition. Our displays have multiple benefits, includ-
ing enhancing the spatial resolution, and maintaining a thin
form factor. In addition, we present an efficient solver for light
field displays with higher resolution and image fidelity. Our
polarization-based display shows better image fidelity with-
out any increase in the hardware cost.

Our displays have the same limitations shared by all
multilayer displays, including moir�e, color-channel cross-
talk, and decreased brightness. Moreover, the polarization-
based architecture requires LCDs to behave as polarization
rotators; however, the optical characteristics of off-the-shelf
LCDs deviate from the ideal model. Additional optical engi-
neering work will be needed for the development of ideal
polarization rotators to eliminate artifacts.

2 RELATED WORK

2.1 Attenuation-Based Light Field Displays

Attenuation-based displays use attenuating spatial light
modulators to emit light fields. The pinhole arrays or lens
arrays used in traditional integral image or parallax barrier
displays can be regarded as fixed binary attenuated optical

elements. These displays share a limitation of low resolu-
tion. In recent years, several researchers have constructed
compressive light field displays using stacks of optical
attenuation devices, such as attenuating LCD layers [14],
[15] or printed transparencies [9], to enhance the resolution
of light field displays. Lanman et al. [8] and Wetzstein
et al. [12] utilized temporal multiplexing to improve the
fidelity of light field displays. They showed that temporal
multiplexing can be described via a low-rank matrix or
tensor approximation. The tensor representation unifies the
multilayer and multiframe architectures; however, it can-
not support polarization-based displays. We introduce a
unified representation for both attenuation-based and
polarization-based architectures, our formulation for atten-
uation based display describe the same thing with Tensor
Display but with a different perspective, one from nonlin-
ear matrix optimization, another from Nonnegative Tensor
factorization. And for polarization-based architecture, our
experiments show that it can produce higher-quality light
field displays.

Meanwhile, there are some reasearches based on attenua-
tion compressive light field display. Chen et al. [16] extended
the field of view by means of head tracking. Hirsch et al. [13]
presented a compressive light field projector with a passive
screen design. Maimone et al. [17] incorporated a high-
angular-resolution backlight to provide correct accommo-
dative depth cues. Huang et al. [18] construsted light field
stereoscope for virtual reality applications.

2.2 Polarization-Based Displays

Polarization-based displays use the polarization properties of
spatial light modulators. Takada et al. [10] constructed a
depth-fused 3D display (DFD) using a stack of two twisted
nematic (TN) LCDs exploiting the depth-fused 3D phenome-
non. Accurate characterization of multilayer LCDs is needed
to achieve better DFD performance. Therefore, Date et al. [19]
presented a theoretical optical model for the dual-layer LCD
structure used inDFDs andmeasured the luminance addition
characteristics of different types of dual-layer LCDs.

Lanman et al. [11] presented the Polarization Field
Display design, a light field display that uses a stack of in-
plane switching (IPS) LCDs with only the two outermost
polarizer films preserved. However, it cannot support

Fig. 1. Automultiscopic display in an attenuation-based or polarization-based multilayer-multiframe architecture. (Left) We introduce a unified mathe-
matical model for multilayer-multiframe light field displays using high-speed LCDs. We develop efficient light field decomposition algorithms and
achieve better image fidelity with our polarization-based multilayer-multiframe architecture compared with the traditional attenuation-based architec-
ture. (Right) From left to right: original light field images of different views, photographs of an attenuation-based prototype and the generated layers,
and photographs of a polarization-based prototype and the generated layers.
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temporal multiplexing. Gotoda [20] improved light field
image fidelity without reducing luminance by means of the
time-multiplexing translation of a single mirror; their
method is equivalent to increasing the number of layers. We
use time-multiplexing technology in a manner similar to
that of the Tensor Display [12] to improve image fidelity,
our work can be seen as extensions of Polarization Field Dis-
play to time-multiplexing average cases. These extensions
covert original linear optimization problems to nonlinear
problems, which are more complicated. We develop corre-
sponding light field decomposition algorithms in accor-
dance with our unified model.

Polarization control devices are also important in many
other optics-related areas, such as polarization encoding,
optical communication, and biomedical imaging [21].Moreno
et al. [22] constructed a controllable two-dimensional polari-
zation rotator layer using a TN-LCD with additional quarter-
wave plates. Aharon and Ofir [21] constructed a wavelength-
independent controllable liquid crystal polarization rotator
with two nematic LC retarders. These works may provide
additional inspiration for improving the performance of
polarization-based light field displays.

2.3 Light Field Decomposition Algorithms

Decomposition algorithms are important for computational
light field displays and are specific to particular display
architectures. The decomposition of a multilayer light field
display without time multiplexing can be cast as a linear
least-squares problem; therefore, gradient-based algorithms
such as the conjugate gradient (CG) method [14] and the
trust region method [9] as well as non-gradient-based
method such as the Simultaneous Algebraic Reconstruction
Technique (SART) [11] can be used. These algorithms are
suitable for solving linear equations, however, when going
to time-multiplexed displays, the problems are usually non-
linear, which are more complicated. Nonnegative matrix
factorization (NMF) [8] and nonnegative tensor factoriza-
tion (NTF) [12] are applied for light field decomposition.
A fast NTF method that uses the proximal gradient method
and low-rank approximation has been proposed by Zhou
et al. [23]. The authors of [24] evaluated three methods of
weighted NMF and concluded that the weighted rank-1 res-
idue iterations (WRRI) method outperformed the other two.
But for our polarization-based multiframe display, NTF
related methods can not be applied. In this paper, we treat
both multiframe attenuation-based and polarization-based
architecture as nonlinear non-convex problems with bound
constraint. Through attenuation-based architecture has
been well illustrated, we revisit this problem from nonlinear
optimization perspective and give close result. This process
gives us inspiration to deal with multiframe polarization-
based architecture.

Usually, computational displays require huge computa-
tional resources, Heide et al. [25] proposed a universal
adaptive image synthesis framework to lower computa-
tional resources for these displays. Through iterative sam-
pling, optimization and adaptation, only few light rays
are computed each time. This framework can be used not
only for light field displays but also for high dynamic range
displays, among others, and it could also be applied to our
displays.

3 MULTILAYER-MULTIFRAME LIGHT FIELD
DISPLAYS

This section presents a unified framework for multilayer-
multiframe light field displays that uses a nonlinear optimiza-
tion model. We also derive corresponding light field decom-
position algorithms for these displays. First, we present an
introduction to multilayer-multiframe light field displays
based on either an attenuation or polarization architecture
using LCDs and describe how these architectures emit 4D
light fields. Second, we introduce how to represent these
architectures with a unified bound constrained nonlinear
optimization model. Third, optimization algorithms corre-
sponding to these two architectures are clarified. Finally,
initialization methods to improve the efficiency of the optimi-
zation algorithms are discussed.

3.1 Multilayer-Multiframe Light Field Displays
Using LCDs

An LCD consists of a uniform backlight and an LC panel
sandwiched between two orthogonal linear polarizer films.
The LC panel can change the polarization states of light rays
and can be roughly regarded as a programmable polariza-
tion rotator layer. An attenuating layer is formed by combin-
ing an LCD panel with a polarizer film. A multilayer display
is an extension of a single-layer display that usually consists
of one uniform backlight and multiple layers of LC panels
and polarizer films. Fig. 2 shows the architectures of our dis-
plays, which are similar to those of [11] except that our archi-
tectures support time multiplexing. An attenuation-based
display consists of multiple attenuating layers; the polarizer
films of adjacent layers are usually crossed so that each layer
can be operated in the same manner as a common single-
layer LCD. A polarization-based display hasmultiple polari-
zation rotator layers and only two crossed polarizer films
enclosing these LC panels. The different architectures rely
on different modes of light modulation. Here, we first intro-
duce how an attenuation-based multilayer-multiframe dis-
play emits a 4D light field.

A light field is usually described as a 4D function; we
adopt the definition L vx; vy; ri; rj

� �
for simplicity, where vx

Fig. 2. Attenuation-based and polarization-based displays using LCDs.
(Top, left) An attenuation-based display has a uniform backlight and
several attenuating layers consisting of LC panels and polarizers.
Adjacent polarizer films are crossed. (Top, right) A polarization-based
display has a multilayer LC panel serving as polarization rotator layers.
Two crossed polarizers are needed at the front and rear of the display.
(Bottom, left) An attenuation-based prototype constructed by removing
the polarizers from the second LCD. (Bottom, right) Polarization-based
prototype constructed by removing all polarizers except the two outer-
most ones.
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and vy represent the horizontal and vertical view angles,
respectively. For a specific view, L ri; rj

� �
represents the

oblique projection image captured in this view. The multi-
layer LCDs approximate the target light field by modulating
the uniform light rays produced by the backlight. When
high-speed LCDs rapidly display multiple images, a viewer
will perceive the time average of those images [12]. Thus,
for an M-layer, N-frame attenuation-based light field dis-
play as shown in Fig. 3, the perceived luminance of pixel
ri; rj
� �

in view vx; vy
� �

can be described as follows:

l ¼ L vx; vy; ri; rj
� � ¼ 1

N

XN
n¼1

YM
m¼1

lnm; (1)

Each pixel need to generate several light rays in different
directions, lnm 2 0; 1½ � is the transmittance of the pixel where
light rays intersect with layer m in frame n. Because the
required transmittances for each light may be different and
confilct with each other, we need to minimize these conflicts
overall. Increasing the number of layers or the number of
frames can improve the image quality of the recovered light
field because of the increased degrees of freedom.

3.2 Representation of an Attenuation-Based Light
Field Display

Although the operation of multilayer-multiframe attenua-
tion-based light field displays is already well illustrated
by the Tensor Display [12], we introduce a new formulation
for this architecture from another perspective and present
an efficient corresponding solver. Importantly, the pro-
posed formulation and solver can be easily extended to
describe multilayer-multiframe polarization-based displays,
which have not been studied previously.

Our representation is inspired by [9], [14]. We rewrite
Eq. (1) as follows:

l ¼ 1

N

XN
n¼1

exp
XM
m¼1

�nm

 !
; (2)

where

�nm ¼ log lnm 2 �1; 0ð �; (3)

represents absorbance as described in [9]. Eq. (2) represents
the formation of a single light ray. To describe the entire
light field, we can expand Eq. (2) in matrix form as follows:

eL ¼ 1

N

X
n

fðAxnÞ ¼ 1

N
fðAxÞE: (4)

Here, the following notation is used:

eL is the recovered light field.
x is a matrix in which each element xmn ¼ �nm repre-

sents the transmittance of an LCD pixel in logarith-
mic space.

xn is the Nth column of x and contains the pixels in all
layers of one frame.

A is a sparse projection matrix, where

Aij ¼ 1 if light ray i passes through pixel j,
0 otherwise.

�
(5)

fðxÞ is an element-wise operation function. For an attenu-
ation-based display, fðxÞ can be described as follows:

fðxÞ ¼ expðxÞ: (6)

EN�1 is an all-one vector; consequently, this matrix multi-
plication operation sums all columns.

As indicated previously, we minimize the overall error to
approximate the original light field:

x ¼ arg min
x

1

2
fðAxÞE �Nbk k2; x � 0; (7)

where b represents the target light field image pixels
stacked in one column. The solution to this bound con-
strained optimization problem provides an optimal layer
images in the least-squares sense. Note that this is a bound
constrained optimization problem, the arguments must be
non-positive.

3.3 Optimization Algorithm

In previous works, SART, trust region method were used for
light field display. But because our problems are nonlinear
problems, SART method is not suitlable. Trust region
method needs to compute Hessian matrix, which is very
complicated and time-consuming in our nonlinear large
scale case. So, we need to find newmethod for our problems.
Many algorithms have been proposed for solving large-scale
unconstrained nonlinear optimization problems, such as the
quasi-Newton method and the conjugate gradient method.
Here, we adopt the L-BFGS algorithm, a quasi-Newton
method that is popular in areas of machine learning such as
log-linear modeling [26]. Unlike in the Newton method, in
the L-BFGS method, the Hessian matrix is approximated
using gradient information collected from a limited number
of previous iterations, and then a linear search is conducted
to minimize the cost function. Besides, we also test CG
method, and it get close results with L-BFGS, see Appendix
A, which can be found on the Computer Society Digital
Library at http://doi.ieeecomputersociety.org/10.1109/
TVCG.2018.2810279 for details.

Regarding the light field decomposition problem, in pre-
vious works [11], [12], the variables have simply been pro-
jected into the feasible region after each iteration. However,
we find that this method may result in slow convergence or
even failure in our case, as Fig. 4 shows. It usually falls into
local minimum as observed in our experiments, the solver

Fig. 3. Light path in a three-layer, three-frame attenuation-based display.
The perceived luminance of light ray l is given by Eq.1. The light is attenu-
ated after passing through each layer, and the viewer perceives the time
average of each frame. The operation of a polarization-based display is
based on a similar principle but with a different mode of light modulation.
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which is intended for non-constrained optimization might
search a wrong direction and step size for our bound con-
strained problem. Another straightforward idea for solving
this constrained optimization problem is to apply the
L-BFGS-B algorithm, which is an extension of the L-BFGS
method to handle bound constraints [27]. It uses the gradi-
ent projection method to determine a set of active variables,
which will be held at the bounds, and minimizes the error
at the free variables. Here, we test a simple method of
handling bound constraints and find that it is effective and
efficient. We adopt the following variable transformation:

x ¼ �y2: (8)

This converts the problem into an unconstrained problem.
Then, we apply the L-BFGS method. This method results in
faster convergence than the L-BFGS-B method, as shown in
Fig. 4. Variable transformation is a common technique and
can be a useful method for constrained problems in which
the constraints have simple forms [28].

We wish to minimize the following cost function using
the L-BFGS method:

hðxÞ ¼ 1

2
fðAxÞE �Nbk k2: (9)

To do so, we need to provide gradient information @h
@x. The

derivative of hðxÞwith respect to xij is

@h

@xij
¼ rT

A1if
0ðz1jÞ
..
.

APif
0ðzPjÞ

264
375; (10)

where

r ¼ fðAxÞE �Nb; z ¼ Ax: (11)

Written in matrix form, the entire gradient can be expressed
as follows:

@h

@x
¼ ATdiagðrÞf 0ðzÞ; (12)

where diagðrÞ is a diagonal matrix with the elements of vec-
tor r on the main diagonal.

Considering the variable transformation given in Eq. (8)
and substituting Eq. (6) into Eq. (12), we obtain the final
equation:

@h

@y
¼ ATdiagðrÞexpðzÞ� �

�� ð�2yÞ; (13)

where �� is the Hadamard product. We feed this gradient
into the L-BFGS solver.

We have also tested transformations such as x ¼ �jyj,
but they do not perform well, perhaps because of gradient
discontinuity.

3.4 Expanding Our Framework
to Polarization-Based Displays

Various methods of 3D image synthesis for polarization-
based multilayer displays have been considered [10], [11].
Inspired by the Polarization Field Display technique [11],
we expand our framework to a multilayer-multiframe
polarization-based architecture. In this new architecture, a
time-multiplexing technique is introduced to eliminate arti-
facts using high-speed LCDs.

As Fig. 2 shows, the polarization-based display lacks the
inner polarizer films included in the attenuation-based dis-
play. This difference not only improves light transmittance
but also introduces a completely newmode of light modula-
tion. In the ideal optical model, each LCD layer is regarded
as a polarization rotator layer, which applies a rotation to
an incident polarization state. For a single-layer LCD, the
intensity of the light after it passes through the second
polarizer obeys Malus’ law:

I ¼ I0 sin
2 uð Þ; (14)

where I0 is the luminance of the uniform backlight, which
can be taken to be 1, and u is the rotation angle applied
by the liquid crystal, which is limited to a range of ½0; p2�
due to the limitations of most commercial LCDs [11]. The
multilayer-multiframe polarization-based light field display
architecture works much like the attenuation-based archi-
tecture except for the light modulation mode. Similarly,
we can use a bound constrained nonlinear optimization
model to describe our new multilayer multiframe polariza-
tion-based architecture:

x ¼ arg min
x

1

2
fðAxÞE �NbÞk k2; 0 � x � p

2
: (15)

Here, the following notation is used:

x represents the polarization rotation angles of all pixels.
fðxÞ is again an element-wise operation function, now

representing the polarization rotator architecture:

fðxÞ ¼ sin2ðxÞ: (16)

Thus, the corresponding gradient information for the
cost function is given by

@h

@x
¼ ATdiagðrÞ sin ð2zÞ; (17)

where r and z are as given in Eq. (11).
Similarly, the following variable transformation is

applied to achieve better convergence performance:

x ¼ p

2
sin2ðyÞ: (18)

Fig. 4. Performances of different methods of handling the bound
constraints of our optimization problems: projecting variables into a feasible
region after each iteration (L-BFGS-P), the L-BFGS-B method, and the
L-BFGS method with variable transformation (L-BFGS-T). (a) Experiment
using an attenuation-based display. (b) Experiment using a polarization-
based display.
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As Fig. 4 shows, according to our tests, the projection
method (L-BFGS-P) can easily become stuck in a local mini-
mum, whereas the L-BFGS-B method yields a similar result
but is slower than the L-BFGS method in each iteration. We
have also tested transformations such as x ¼ arctan y2 and
x ¼ p

4 ð sin yþ 1Þ, but Eq. (18) performs best.
Thus far, we have presented a unified framework for

multilayer-multiframe light field displays that includes
both attenuation-based (Eq. (7)) and polarization-based
(Eq. (15)) architectures. The different architectures corre-
spond to different nonlinear forms in the nonlinear optimi-
zation problem.

3.5 Initialization of the Optimization Algorithm

Initialization plays an important role in optimization; espe-
cially in nonlinear, nonconvex optimization, good initializa-
tion can lead to faster convergence and even better results.
Here, we introduce two initialization methods to improve
our optimization algorithm performance.

A straightforward method of initialization is to use ran-
dom variables drawn from a uniform distribution, as done
in [8]. However, this method does not consider any informa-
tion about the display architecture.

Here, we assume that the pixels of the target light field
follow a uniform random distribution and that the energy is
equally split among each layer and each frame. More specif-
ically, the target light field pixels follow

l 	 Uð0; 1Þ: (19)

For an attenuation-based display, all pixels in each layer
and each frame matter equally. Thus, from Eqs. (2) and (3),
we can derive that the argument of the objective function
expressed in Eq. (7) should follow

� ¼ log l
1
M

� �
; (20)

where l obeys Eq. (19). Therefore, we can initialize the argu-
ments by applying a transformation as shown in Eq. (20) to
a set of uniform random variables. The experimental results
presented in Fig. 5 demonstrate the effectiveness of the pro-
posed method.

Similarly, for a polarization-based display, we have

l ¼ 1

N

XN
n¼1

sin2
XM
m¼1

unm

 !
; (21)

where l again follows the distribution in Eq. (19) and all unm
matter equally.

Because the function sin2ðuÞ is periodic (with a period
of p) on 0; Mp

2

� �
, to simplify the initialization, we ignore the

summation of the rotation angles, yielding the following
distribution of rotation angles:

u ¼ arcsin
ffiffi
l

p� �
2 0;

p

2

h i
: (22)

Although this simplification is not rigorous, the experimen-
tal results presented in Fig. 5 demonstrate the effectiveness
of the proposed initialization method, which can result in a
higher PSNR.

Moreover, there are several commonly used initialization
methods in the image processing domain. The image pyra-
mid method is a multiscale analysis method used in many
areas [29], [30], [31], which can produce robust results for
large-scale problems and accelerate calculations to some
extent. We adopt an approach similar to that used in [32]
for the decomposition of a multilayer light field display. The
original light field forms the lowest level of the pyramid.
Higher levels of the pyramid are constructed by downsam-
pling from the spatial resolution of the previous level while
leaving the angular resolution unchanged. Here, we employ
the simplest bilinear interpolation method as the sampling
method. During sampling, we also ensure that the physical
size of the light field and the display gap remain unchanged.
Optimization at lower resolution is easier because of the
reduction in the parameter dimensionality. The highest level
of the pyramid is initialized using the previously proposed
method, and the result for each level of the pyramid pro-
vides a coarse initialization for the next lower level. The per-
formance of the image pyramid method is shown in Fig. 5;
For attenuation display, pyramid initialization can only
speed up optimization, but for polarization display, pyra-
mid initialization can also give higher PSNR, which means
polarization architecture is more sensitive to initialization.
More detailed results on the effects of initialization can be
found in Section 5.1.

4 IMPLEMENTATION AND ASSESSMENT

This section describes our hardware and software implemen-
tations of multilayer-multiframe light field displays based on
our attenuation and polarization architectures. We also pres-
ent detailed results of simulations andprototype experiments.

4.1 Hardware

Webuilt our prototypes usingmodifiedAcer XB240H 144Hz
TN-LCD panels with a resolution of 1920� 1080 (see Fig. 2).
The uniformbacklightswere obtained from the disassembled
monitors. Both polarizer films were removed from the mid-
dle LC panel to ensure that adjacent polarizers were crossed
in the attenuation display. All of the polarizer films except
the two outermost oneswere removed to construct the polari-
zation display. Aluminum frames were milled and used to
mount the LC panels. The spacing between layers was fixed
at 1.5 cm using acrylic spacers, yielding a thin form factor
with a total thickness of 3 cm. We gave a rough calibration

Fig. 5. Performances of different initialization methods: initialization with
random uniform variables, initialization using Eq. (20) or Eq. (22), and
initialization using the pyramid method. (a) Experiment using an attenua-
tion-based display; the results of the NTF method are also shown.
(b) Experiment using a polarization-based display.
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using the moir�e fringe calibration method proposed by
Hirsch et al. [33]. Gamma valuewas also calibrated, but black
level was not calibrated and considered in our update rules,
whichmay slightly influence the quality.

We implemented a MATLAB-based offline algorithm
and an online algorithm using CUDA. The results presented
below were all obtained on an Intel Core i7 workstation
with 32 GB of RAM and a GTX Titan X graphics card.

4.2 Software

The target light fields were obtained from the Synthetic
Light Field Archive1 with a spatial resolution of 512� 384
pixels and an angular resolution of 7� 7 views. All images
were rendered via oblique projection within a field of view
of 10 degrees.

For our offline MATLAB algorithms, L-BFGS and L-
BFGS-B, described in Section 3.3, we used the implementa-
tions given in [34], [35]. We used a pyramid with five levels
of resolution to initialize the optimization and performed 10
iterations on the four highest levels of the pyramid for ini-
tialization. A MATLAB NTF algorithm was also imple-
mented for comparison using the Tensor Toolbox [36]. The
multiplicative update rules used by Wetzstein et al. [12]
were adopted, and the values were clamped to the feasible
region after each iteration. The RGB channels were handled
sequentially.

In addition, a rough-online GPU implementation using
CUDA-L-BFGS [37] for computation and OpenGL for
rendering was also created for further acceleration.

4.3 Results

It takes approximately 2.5 minutes to decompose a color
light field into three-layer, three-frame sequences with 50
iterations using MATLAB, and another 8s to initialize using
pyramid method, each iteration takes about 1s. The GPU
implementation can achieve an acceleration of approxi-
mately 70 times compared with the offline MATLAB imple-
mentation for three-frame decomposition, up to 7 HZ with
10 updates. Most time (more than 80 percent are spent on
gradient computation). Simulated results for attenuation-
and polarization-based displays are shown in Figs. 6 and 7,
respectively. Motion parallax can be observed, as shown in
Fig. 1; no flicker is observed when using three-frame time
multiplexing with our 144 Hz LCDs. Smooth motion paral-
lax can be seen in the supplementary video (prototype.
mp4), available online.

We conducted quantitative experiments on six different
scenes, with the results shown in Table 1. For attenuation-
based display, our method yields slightly higher PSNRs
than the NTF method. Fig. 5 also shows the convergence
performance of our method and the NTF method. For polar-
ization-based display, the experimental results show that
the image quality can be significantly improved with time
multiplexing and that the PSNRs are higher than those
achieved via attenuation-based display. Specifically, the
average PSNRs for polarization display are higher than
those for attenuation display by 3.79, 5.41, 7.92, and 11.22
dB for 2-, 3-, 6-, and 12-frame time multiplexing,

respectively. We find that even a two-frame polarization
display can achieve better image fidelity than a 12-frame
attenuation display on average, meaning that the same dis-
play effect can be achieved with a lower refresh rate or
fewer layers. This is meaningful considering the upper limit
on the LCD refresh rate. Besides, we have also conducted
stability experiments, and find that our method converge
stably. The fluctuation of results is within 
0:03 dB for
attenuation-based architecture, and 
0:42 dB for polariza-
tion-based architecture. Though the stability of results for
polarization-based architecture is a little worse than attenu-
ation-based display, polarization-based display can give
significantly higher PSNR.

However, artifacts were observed in the prototype
experiments, see Fig. 9. On the one hand, this may be
because of our imprecise display calibration and color
distortion when photographing, on the other hand, we attri-
bute these artifacts to the deviation of the actual multilayer
TN-LCDs from the ideal polarization rotator model, which
will be discussed in Section 5.3.

Fig. 6. Decomposition results of the NTF method and our method for a
three-layer attenuation-based display. From left to right: original and recov-
ered central views of the “messerschmitt” scene, details of the recovered
light field image, and the temporal frames of the three layers. Similar recov-
ered light fields are obtained using our method and the NTFmethod.

1. http://web.media.mit.edu/	gordonw/SyntheticLightFields/
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4.4 Comparison with Other Methods

This section gives more detailed results about the comprasion
of the proposed L-BFGS basedmethodwith othermethods.

Fisrt is SART method, as we have explained above, it can
only be applied to linear problems and is not suitable for

our problems. However, because our methods can also be
used for linear problems, here we also give a comparison
with SART in linear case, see details in Table 2. As the table
shows, our method gives higher PSNR in attenuation-based
display, but gets a little worse results than SART in polari-
zation case. But when goes to multi-frame case, our method
can easily give higher PSNR as Table 2 shows.

Besides, We have also test conjugate gradient method.
In our experiments, it performance similarly as L-BFGS
method, which means, it will also convergences slowly or
even fails when directly project variables to feasible region
after each iteration, and initialization also effects the optimi-
zation results especially in polarization case. Whenwe apply
the techniques (initialization method and bound constraint
handlingmethod) used in the paper, CGmethod gets almost
the same results with L-BFGS in average (we repeat this for
five times), this experiment once again shows the effective-
ness of the proposed skills, see Table 3 for detailed results.

5 DISCUSSION AND FUTURE WORK

This section presents more detailed investigations of the dif-
ferences between our solver and the previously developed
NTF method and the differences between attenuation- and
polarization-based displays. We also discuss the benefits

Fig. 7. Decomposition results for three-layer, multiframe displays. From
top to bottom: central view of the “happy buddha” scene, decomposition
results for a six-frame attenuation-based display, and decomposition
results for three-frame and six-frame polarization-based displays.
The details of the recovered images and displayed layers are presented.
Halo artifacts are reduced in the polarization-based displays.

TABLE 1
Quantitative PSNR (dB) Results for Different Methods of Light Field Recovery: The NTF Method for Attenuation-Based Display
(NTF), Our Method for Attenuation-Based Display (Attenuation), and Our Method for Polarization-Based Display (Polarization)

Data butterfly dice dragon happy buddha messerschmitt xyzrgb dragon average

NTF 31.02 31.55 25.61 24.82 30.56 25.79 28.22
Attenuation 31.36 31.87 25.69 24.94 30.88 25.89 28.442-Frame
Polarization 33.90 34.08 31.45 29.99 32.47 31.51 32.23

NTF 32.12 32.44 26.38 25.50 31.60 26.18 29.04
Attenuation 32.58 32.87 26.50 25.61 31.97 26.26 29.303-Frame
Polarization 37.02 36.06 33.96 32.32 34.68 33.67 34.71

NTF 33.62 33.76 28.00 26.63 32.92 26.72 30.28
Attenuation 34.43 34.34 28.36 26.89 33.59 26.88 30.756-Frame
Polarization 41.16 40.66 37.28 36.79 38.87 37.27 38.67

NTF 34.82 34.84 29.04 27.38 34.14 27.43 31.28
Attenuation 35.81 35.55 29.40 27.74 34.85 27.67 31.8412-Frame
Polarization 47.51 45.29 39.97 41.85 44.39 39.37 43.06

Different numbers of frames for time multiplexing were tested. The numbers of iterations for 2, 3, 6, and 12 frames are respectively 200, 300, 400, and 600 for the NTF
method and 100, 150, 300, and 500 for the proposed L-BFGS-based method for both the attenuation and polarization displays. The PSNRwas computed by considering
all RGB channels together. Even a two-frame polarization display can achieve better image fidelity than a 12-frame attenuation display on average, as shown in red.

TABLE 2
Comparison with SART Method

Method Dice Dragon
Happy
Buddha

Attenuation SART 28.10 22.93 25.73
1-Frame L-BFGS 29.54 24.61 26.47

Attenuation SART N N N
3-Frame L-BFGS 32.13 26.39 27.66

Polarization SART 29.60 25.56 27.99
1-Frame L-BFGS 28.46 25.92 26.58

Polarization SART N N N
3-Frame L-BFGS 36.26 33.98 34.89

Both PSNR(/dB) for one-frame display and three-frame display are given, “N”
means SART method can not be used for nonlinear problem.
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and limitations of our work. Future work on both the algo-
rithms and hardware will be needed to improve display
performance.

5.1 Differences between Our Solver and the
NTF Method

Fig. 8 shows the light field decomposition results for differ-
ent optimization methods for attenuation-based displays.
Although nearly identical PSNRs are achieved, we can
observe different characteristics in the decomposition
results; see Figs. 8a and 8d. Speckles are clearly visible in
the NTF results, whereas there are no obvious speckles in
our results. Moreover, the fringes in our results seem
markedly wider than those in the NTF results.

We attribute the appearance of speckles to the clamping
of values to the feasible region after each iteration, as this
can cause pixel discontinuity. In our method, the speckles
disappear because the proposed variable transformation
method avoids bound constraints. If we apply the projection
method in combination with L-BFGS, speckles will again be
present; see the results for the L-BFGS-P method in Fig. 8b.
This observation confirms our explanation for the appear-
ance of speckles.

We believe that the wider fringes are mainly caused by
the resolution-pyramid-based initialization method. Details
are lost in the higher levels of the pyramid because of down-
sampling, and this effect will be passed on to the lower lev-
els of the pyramid; thus, the fringes become larger as details
in the corresponding regions are lost. Figs. 8d, 8e, and 8f
show the results of applying the resolution-pyramid-based
initialization method with different numbers of levels in the
pyramid. The fringes become smaller as the number of lev-
els decreases, confirming our interpretation. A more refined
sampling method, such as a Gaussian pyramid method or a
Laplacian pyramid method, might provide more accurate
initialization for high-resolution analysis and thus yield
better results, as these methods can retain more information
when the resolution is reduced. Differences other than
speckles still exist between Figs. 8a and 8f; this may be
because the two solvers converge to different minima.

5.2 Differences between Attenuation-Based and
Polarization-Based Displays

The experimental results in Table 1 show that a polari-
zation-based display can produce a higher PSNR than an

attenuation-based display. More specifically, we find that
the polarization-based approach can eliminate halo artifacts
around high-contrast edges, which are observed only in the
recovered light field images from the attenuation-based
architecture; see Fig. 7. This phenomenon has also been
reported in multilayer polarization displays without time
multiplexing [11]. Lanman et al. proposed that these halo
artifacts may be caused by nonlinear form introduced by
logarithmic transformation in the cost function, which will
penalize artifacts in regions with small image values. In
addition, we believe that another reason for the higher
PSNRs of the polarization-based architecture may be its
greater flexibility, as in the polarization rotator model, each
pixel can not only attenuate luminance but can also enhance
luminance after passing a new layer, but for attenuation-
based display, it can only attenuate luminance after passing
one layer. In high-contrast edegs, black region and bright
region both exist. For attenuation-based display, the bright
region requires all these layers to have a high transmission,
but the black region requires these layers to have a low
transmission, attenuation architecture may can’t handle this
case properly. But for polarization-based display, as it is
more flexible, it may find a balance to distribute the polari-
zation angle of each layer. Further analysis in the frequency
domain, as done in [12], may help to elucidate the origin of
the PSNR improvement. Following Polarization Field Dis-
play [11], we hope to attract more attention on polarization
based architecture because of the better flexibility it provide
and the potential of giving high quailty display.

Finally, although the multilayer-multiframe polarization
architectures have already enabled remarkable PSNR
enhancements, there is still space for further improvement.
As the experiment presented in Fig. 5b shows, our algo-
rithm may easily become trapped into different local min-
ima depending on initialization. A better optimization
strategy may help to avoid these local minima, resulting
in higher PSNRs.

5.3 Deviations of the Prototype from the Ideal
Polarization Rotator Model

Current consumer LCDs are available in different types,
such as TN panels, IPS panels, and patterned vertical align-
ment panels. Traditionally, LC panel is seen as polarization
rotator layer, which can induce a rotation of the polarization

Fig. 8. Decomposition results for different methods of attenuation
display. (a) NTF method. (b) L-BFGS with projection of variables to
the feasible region (L-BFGS-P). (c) Details of the selected regions
in (a) and (b). (d)-(f) L-BFGS with pyramid initialization using pyramids
with different numbers of levels.

TABLE 3
CG Method Performance

Data Dice Dragon
Happy
Buddha

Attenuation/
dB

Random Initiation 31.35 25.82 26.93
Projection 19.81 17.05 17.54

CG 32.14 26.40 27.67
L-BFGS 32.13 26.39 27.66

Polarization/
dB

Random Initiation 30.46 28.95 31.59
Projection 31.14 28.57 29.25

CG 36.26 33.98 34.88
L-BFGS 36.26 33.98 34.89

“Random Initialization” represents start CG method with random initialization;
“Projection” represents project variables to feasible region after each iterationwith
CG method; “CG” represents using CG method with the proposed skills in our
paper; “L-BFGS” is a baseline for comparison usingmethod described in the text.
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angle of light rays traversing the pixel [11]. However, the
behavior of single LC panel and multilayer LC panel are
actually more complicated. For example, single domain
LCD is characterized as rotated half-wave plate [11], [19].
For TN panels used in our work, Date et al. [19] measured
the luminance addition characteristics of dual-layer LCDs
and roughly described this architecture as polarization rota-
tor model. Lanman et al. [11] presented a theoretical analy-
sis of multilayer TN-LCDs in the supplementary material,
available online, and concluded it as counterbalanced rota-
tion layer model. Moreno et al. [22] constructed a controlla-
ble two-dimensional polarization rotator layer using a TN-
LCD with additional quarter-wave plates, but it seems they
use a different optical model with previous two works.

We adopt the polarization rotator model presented by
Date because it is more consistent with the results observed
in our experiments and gives acceptable results. However,
artifacts still exist, as Fig. 9 shows. We observed that such
artifacts mainly occur in regions where two or three layers
have large rotation angles (bright regions). As mentioned
above, our solver is easily influenced by initialization; there-
fore, we applied a temporary method to eliminate artifacts.
We limited the rotation angles by specifying small initial val-
ues, thus ensuring that the decomposition layers would have
smaller values. As a result, the artifacts were reduced to
some extent, as shown in Fig. 10. Furthermore, because TN-
LCDs have poor viewing angle characteristics, vertical paral-
lax was not properly achieved in our prototype experiments.

We think at least, there is no agreed standard answer for
the optical model of multilayer polarization-based displays
among these published works. Also, for the IPS-LCDs used
in Polarization Field Display [11], both polarization rotators
model and multi-domain model are tried, but both proto-
types have color artifacts. Thus, the question of which type
of LCD is best for polarization-based multilayer displays
also needs to be further explored. Theoretical obstacle might
not exist, but much more effort is needed to give convinced
results both in theory and practice for these problems. In
addition, as mentioned in Section 2.2, research in other areas
may help to achieve the construction of ideal multilayer
polarization-based displays.

5.4 Future Work

As discussed above, there are still further questions worthy
of exploration. A more efficient optimization algorithm is
needed for higher-resolution display, and there is still room
to enhance the PSNR of the polarization-based architecture.
Using the sampling strategy proposed by Heide et al. [25]
may help to achieve a real time update for practical display.
Beside, according to [12], [38], analysis in the frequency
domain may be helpful for theoretically estimating the field
of view and various limitations of our displays.

In terms of hardware, additional optical instrumenta-
tion can be applied to enhance display performance, such
as directional backlighting [12]. In addition, constructing
multilayer polarization rotators that are closer to ideal
using additional optical elements may be a promising
way to eliminate artifacts. Furthermore, if each pixel
could apply a full range of rotation, namely, ½0;p�, bound
constraints would be eliminated from the optimization
problem, which might significantly improve display per-
formance. One simple idea is to combine two LCDs into a
single display.

6 CONCLUSION

In conclusion, we have presented a unified framework for
multilayer-multiframe light field displays that supports
both attenuation-based and polarization-based architec-
tures. In addition, we provided efficient light field decom-
position algorithms. We demonstrated the potential of
polarization-based multilayer displays with temporal multi-
plexing, which can allow higher image fidelity to be
achieved without increasing the number of layers or the
refresh rate. The realization of multiple ideal full-range
polarization rotator layers will enable the elimination of arti-
facts and the construction of better automultiscopic displays.
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Fig. 9. Photographs of our three-layer, three-frame display prototypes.
(Top) Attenuation-based display. (Bottom) Polarization-based display.
Artifacts are evident in the polarization-based display.

Fig. 10. Photographs of prototypes after correction by means of limiting
the layer rotation angles. Artifact reduction can be observed in compari-
son with Fig. 9.
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